Free vibration of rectangular plates with three kinds of porosity distributions and different boundary constraints has been performed by means of a semianalytical method. e distribution of porous varies along the thickness of the plate, in which the mechanical properties are defined by open-cell metal foam. Regardless of boundary conditions, displacement admissible functions are represented by combination of standard cosine Fourier series and auxiliary sine series. e kinetic energy and potential energy of plates are also expressed on the basis of first-order shear deformation theory (FSDT) and displacement admissible functions. Finally, the coefficients in the Fourier series which determine natural frequencies and modal shape are derived by means of the Rayleigh-Ritz method. Convergence and dependability of the current method are verified by comparing with the results of FEM and related literatures. In addition, some new results considering geometry parameters under classical and elastic boundary constraints are listed. e effects of geometry parameters, material parameters, and boundary constraints have been discussed in detail.
Introduction
As one of the most widely used structures, rectangular plates have been used in many branches of mechanical engineering. For the excellent mechanical properties, functionally graded materials (FGMs) have attracted researcher's attention in recent years. In addition, functionally graded (FG) porous material becomes a research hotspot as a new type of lightweight material because of the porous distribution through the thickness direction [1] . e aim of this paper is to establish a unified formulation to analyze the vibration behaviors of rectangular plates made of functionally graded (FG) porous materials under complex boundary constraints. e related literatures are reviewed as below.
Firstly, related literatures of FG structures are reviewed: Baferani et al. [2] studied vibration characteristics of functionally graded rectangular plates on the basis of classical plate theory (CPT). Zenkour [3] discussed the static response of the FG rectangular plate with simply supported boundary conditions by means of Navier solutions. Liu et al. [4] investigated the dynamic response of the FGM plate using the element-free Galerkin method. Lanhe et al. [5] analyzed the dynamic behavior of FGM plates subjected to aero-thermo-mechanical loads by means of the differential quadrature method. Tornabene et al. [6] [7] [8] combined the generalized differential quadrature method and first-order shear deformation theory to investigate the free vibration behaviors of the moderately thick four-parameter functionally graded conical, cylindrical shells, and annular plates subjected to classical boundary conditions. Viola et al. [9] derived stress-strain recovery formulation to study the functionally graded spherical shells and panels under static loading. Li et al. [10, 11] used the energy method to investigate the vibration characteristics of composite cylindrical and spherical shells. e results in these references are compared with those obtained by published literatures and model experiment. To investigate the vibration characteristic of Levy-type thick functionally graded (FG) circular cylindrical shell, Hosseini-Hashemi et al. [12] extended the method of state space to establish the model. Qu et al. [13, 14] analyzed the vibration of FG doubly curved shells by means of the domain decomposition method. A new generic exact solution was proposed by Fadaee et al. [15] to analyze the free vibration of FG doubly curved shallow shells. Li et al. [16] [17] [18] [19] studied the free vibration of FG composite doubly curved shells by using a semianalytical method.
Moreover, many research studies have been conducted about structures made of porous materials: Fazzolari [20] studied the free vibration of three-dimensional functionally graded sandwich beams with two different types of porosity and arbitrary boundary conditions. Moreover, Ebrahimi and Zia [21] utilized Galerkin's method and the method of multiple scales to solve the nonlinear vibration of functionally graded porous beams. Chen et al. [22] implemented the vibration analysis of porous beams using Von Kármán's nonlinear straindisplacement relationships. Ebrahimi and Habibi [23] studied vibration behavior and deflection of rectangular plates made of functionally graded porous materials by means of the finite element method, where the material properties of functionally graded porous rectangular plates have been achieved by means of power-law form. Magnucka-Blandzi [24] derived the critical loads of metal foam circular plates by means of the Hamilton principle, where the influence of porosity on critical loads and comparison between homogeneous and porous plates was also conducted. A simple first-order shear deformation theory (SFSDT) was applied to solve natural frequencies of FGP plates by Rezaei et al. [25] utilizing Hamilton's principle and variational method. Simultaneously, free vibration and buckling analyses of FGP nanocomposite plates reinforced by graphene were carried out by Yang et al. [26] , where the Chebyshev-Ritz method was employed. On the basis of FSDT, Li et al. [27, 28] investigated the free vibration of functionally graded porous cylindrical shell, and the results are compared with those obtained by experiment. Wang and Wu also [29] considered two types of porosity distributions to study the free vibration of FGP cylindrical shell subject to immovable boundary restraints. Based on the theory of modified couple stress and first-order shear deformation, the vibration characteristics of functionally graded (FG) porous cylindrical microshell were investigated by Ghadiri and SafarPour [30] . Zhao et al. [31, 32] used the modified Fourier series approach to investigate the free vibration of FG porous doubly curved shells subject to general edge restraints based on FSDT.
From literatures mentioned above, it is easy to find that numerous research studies of structures with porosity distributions have been conducted in recent years. However, most research studies are limited to classical boundary conditions. Few research studies about vibration characteristics of structures with porosity distributions subjected to elastic boundary conditions have been analyzed. erefore, it is necessary to propose a unified method to jointly analyze the vibration characteristics of porous rectangular plates with classical and elastic boundary conditions. In the current research, the displacement admissible function is expressed as modified Fourier series, which was proved reliable and efficient by previous studies [33] [34] [35] . Complex boundary conditions can be easily simulated by only varying the stiffness of the boundary springs. e convergence and exactness of the current method have been verified by comparing with the results of published literatures. In addition, the effects of geometry parameters, material parameters, and boundary conditions on dynamic behavior have also been analyzed. Figure 1 (a) presents the outline and coordinates of porous rectangular plates, and the geometry parameters are, respectively, defined as follows: the length a, width b, and thickness of plate h. To illustrate the geometric relationship of the plates more comprehensively, a Cartesian coordinate system was fixed on the middle of the plate. e symbols of U, V, and W, respectively, denote displacements of porous rectangular plates in x, y, and z directions. Figure 1 (b) denotes the boundary condition of plates, three groups of linear restrain springs (k u , k v , and k w ), and two groups of rotational springs (K x and K y ) are assigned at the boundary of the plate to simulate complex boundary constraints. Meanwhile, partial view of plates with translational spring along u, v, and w directions and rotational spring is demonstrated in Figure 1 As described in equations (1) to (3), the change of elastic modulus, shear modulus, and mass density in three different kinds of porosity distributions can be obtained.
Theoretical Formulations

Description of the Model.
Type I nonsymmetric distribution:
Type II symmetric distribution:
Type III uniform distribution: 2 Shock and Vibration
In the equations above, e 0 and e m correspond to the porosity coefficient and porosity density coefficient, respectively. e definition of e 0 and e m are displayed in the following equations:
In addition, the correlation between porosity coefficient e 0 and porosity density coefficient e m can be represented as follows [36, 37] :
Specifically, the expression of β in uniform distribution can be rewritten as follows [22] :
Energy Functional Expressions of Porous Rectangular
Plates. On the basis of theory of first-order shear deformation theory (FSDT) [38] [39] [40] [41] , the relation between displacements of arbitrary point and corresponding point in the middle surface of the plate can be expressed as follows:
where u, v, and w denote the displacement components of arbitrary point; meanwhile, u 0 , v 0 , and w 0 , respectively, signify the displacement components of corresponding point in the middle surface of plate. θ and ψ, respectively, correspond to rotations of the normal about the middle surface about y and x directions. Similarly, the strain of arbitrary point and displacement components of corresponding point in the middle surface of the plate is expressed as follows:
x(y) 
Shock and Vibration 3
where ε xx and ε yy correspond to normal strains; in addition, c xy , c xz , and c yz signify the shear strains. e relation between stress and strain of the plate can be expressed as follows based on general Hooke's law:
In equation (10), σ xx and σ yy denote normal stresses; meanwhile, τ xy , τ xz , and τ yz signify shear stresses. e material stiffness coefficients Q mk (m, k � 1, 2, 4, 5, 6) are expressed as follows:
Integrating the stress along the thickness direction, the resultant force and moment expressions are as follows:
In the matrix above, N ij represent resultant forces; meanwhile, M ij signify bending moments. In addition, Q ij denote transverse shear forces. e value of the correction factor related to Q ij is 5/6, which is represented by symbol κ.
In addition, the expressions of extensional stiffness A ij , extensional-bending coupling stiffness B ij , and bending stiffness D ij are expressed as follows:
e strain energy of the plate is expressed as follows: 
In the meantime, the dynamic energy of the plate is expressed as follows:
where I 0 , I 1 , and I 2 of equation (15) are signified as follows:
In this paper, the boundary constraints of plate are modeled by using the penalty method, where penalty parameters are defined by stiffness values indicating translational and rotational spring. Complex boundary constraints of the plate can be generated by assigning proper values to penalty parameters. e potential energy stored in boundary springs can be written as follows:
Admissible Displacement Function and Solution
Procedures. e selection of suitable displacement function plays an important role in guaranteeing the accuracy of solution. e displacement and rotation components of plate are generally expanded, regardless of boundary conditions, as combination of two-dimensional (2D) cosine Fourier coefficients with two sine supplementary functions. e displacement and rotation components of the middle surface are written as follows:
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. . , C w mn , . . . , C w mN , . . . , C w MN , e 01 , . . . , e m1 , . . . , e M1 , e 02 , . . . , e m2 , . . . , e M2 ,
. . , g m1 , . . . , g M1 , g 02 , . . . , g m2 , . . . , g M2 ,
where M and N, respectively, denote truncation number of internal and supplementary displacement component function. In addition, λ m � mπ/a and λ n � nπ/b. By means of combining equations (18)- (22) and equation (14) , the strain energy can be rewritten as follows: 
Similarly, the dynamic energy can also be rewritten as follows:
Meanwhile, the energy stored in the boundary springs is expressed as follows:
e Lagrangian energy function of the plate can be given as follows:
e total expression of the Lagrangian energy function for the undetermined coefficients can be minimized by the minimum energy principle:
By substituting equations (24)- (27) into equation (28) and performing the partial derivative of the Lagrangian energy function of plate to the unknown coefficient to 0, the following matrix can be obtained:
where G is the vector consisting of unknown coefficients. K S , K P , and M, respectively, represent strain potential energy stiffness, elastic potential energy stiffness, and mass matrices of the porous plate. e eigenvalues and the corresponding eigenvectors of the shells can be easily obtained by solving equation (29) . e eigenvalues and the corresponding eigenvectors, respectively, correspond to modal frequencies and modal vectors (mode shapes).
Numerical Results and Discussion
In this section, some results and discussion are introduced to ensure the exactness and dependability of the current method when handling free vibration of rectangular plates with uniform thickness and porosity distributions. In addition, the solution may not be convergent when the penalty parameters are not defined as a suitable value [42, 43] . So it is very meaningful to do the convergence studies. On the basis of contents mentioned above, we elaborate the vibration characteristic of rectangular plates with different porosity distributions and complex edge constraints. Meanwhile, the influences of boundary restraints and geometry parameters on frequency parameters of plate are also discussed in detail.
Shock and Vibration 7
To simplify the study, some symbols are employed to represent the boundary conditions of rectangular plates. For example, CE, SDE, SSE, FE, and EE, respectively, denote clamped edge, shear-diaphragm edge, shear-support edge, free edge, and elastic edge boundary conditions. In addition, a simple letter string is employed to represent the boundary condition of plates. For example, CEFS denotes the plate subjected to clamped, elastic, free, and shear-support edges at x � 0, y � 0, x � a, and y � b, respectively. Unless otherwise stated, the material parameters of AI considered in current 15 10 15 E 3 E 10 10 10 10 10 10 10 15 10 15 10 10 10 10 10 10 10 15 10 15 E 4 E 10 10 10 10 10 10 10 10 10 15 10 10 10 10 10 10 10 10 10 15 E 5 E 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 Figure 3 , in which the convergence of different spring stiffness values is investigated. e geometric dimensions are as follows: a = 0.5 m, b = 1 m, and h = 0.3 m. As displayed in Figure 3 , when the stiffness values are in the range of 10 13 ∼ 10 20 , the frequency parameters converge to a stable value. In other words, stiffness values in this range can guarantee the rigid boundary conditions. Meanwhile, when the stiffness values are less than 10 7 , the boundary conditions can be seen as free. Similarly, the stiffness values between 10 8 and 10 12 can be regarded as elastic. In summary, the spring stiffness values of the different boundary conditions can be obtained as shown in Table 1 .
In the admissible displacement function of plates with porosities, when the number of expansion terms of the Fourier series is infinite, the corresponding results are equivalent to the closed analytical solutions. However, in actual operation, limited by hardware level and computational efficiency, only a limited number of the Fourier series expansion terms are used. Table 2 displays the nondimensional frequencies Ω � (ωb 2 /π 2 ) ���� � ρh/D of homogeneous rectangular plates with different truncated numbers. e aspect ratio of the plate in Table 2 is same with the plate of Figure 3 , whereas the thickness is h = 0.2. As can be seen from Table 2 , the convergence speed of the present method is very fast. When the truncated number reaches 10 * 10 * 2, the accuracy of the current method is relatively high. To ensure the convergence and efficiency simultaneously, the truncated number is chosen as 10 * 10 * 2 in the following analysis.
In order to further confirm the accuracy and effectiveness of current method, the comparison results are listed in Tables 3 and 4. e research object in Table 3 is a homogeneous rectangular plate with an aspect ratio of 0.5. Meanwhile, type I porous rectangular plates are considered in Table 4 . e aspect ratios and porosity coefficient in Table 4 are, respectively, set as 0.5 and 0.1. e comparison results of Tables 3 and 4 demonstrate the high accuracy and reliability of the current method.
Free Vibration of Porous Rectangular
Plates. e convergence, accuracy, and reliability of the current method have been verified in the previous study. More results of three types of porous rectangular plates subjected to various edge conditions are presented in this section. In addition, the effects of boundary conditions and geometry parameters are also discussed in detail. e first five frequency parameters of three kinds of porous rectangular plates subjected to classical boundary conditions are displayed in Table 5 . e aspect and thickness ratio are same with Table 2 ; meanwhile, the porosity coefficient e � 0.2. At the same time, the first frequency parameters of type I porous plate with different thicknesses and classical boundary conditions are presented in Figure 4(a) .
We can discover that the frequency parameters of CCCC boundary conditions are highest in all classical conditions. With the weakening of boundary conditions, the frequency parameters also decrease.
However, the boundary conditions of structures are often not ideal classical boundaries in the practical engineering applications and variety of possible boundary cases can be encountered. One advantage of the current method is various types of elastic restrains at edges can be performed by adopting artificial spring technology. e same plates of Table 5 with elastic boundary conditions are studied in Table 6 . Meanwhile, first frequency parameters of type I porous plates with different thickness ratios and elastic boundary conditions are presented in Figure 4(b) . It can be concluded from Table 6 that the frequencies decreased when the boundary conditions changed from E 1 E 1 E 1 E 1 to E 5 E 5 E 5 E 5 . However, the difference between E 3 E 3 E 3 E 3 and E 5 E 5 E 5 E 5 is so tiny that we can hardly find it in Figure 4(b) . In addition, we can conclude from Figure 4 that, with the increase of thickness ratios, the frequencies increase regardless of boundary conditions. e frequency parameters of porous plates with different aspect ratios subjected to CCCC boundary conditions are displayed in Table 7 . e thickness ratio and porosity coefficient are same with the plate of Table 5 . Meanwhile, the relation between frequency parameter and aspect ratios of type I porous rectangular plate is also displayed in Figure 5 . It is notable that, with the increase of aspect ratio, the frequencies decrease, especially when the aspect ratio is smaller than 2. Table 8 shows the frequency parameters of porous plates with different thickness rations under CCCC boundary conditions. e aspect ratio and porosity coefficient are same with the plate of Table 5 . e relation discovered in Figure 4 appears again in Table 8 . When the thickness ratio is set as 0.2, the plate of Table 8 with different porosity coefficients is chosen as research object in Table 9 . Figures 6 and 7 shows the variations of nondimensional frequency parameter Ω of SSSS and CCCC porous plates with respect to different porosity volume indexes, respectively. e geometric constants of the above porous plate are same as Figure 4 . From Figures 6 and 7 , we find different types of porosity distribution have remarkable effect on vibration characteristics of porous rectangular plates. For the type III porosity distribution function, the frequency parameter decreases with the increase of the porosity coefficients. However, the relation between porosity coefficients and type II porosity distribution becomes different when the mode number varies. Figure 6 : Nondimensional frequency parameter of CCCC porous rectangular plates with different porosity coefficients.
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In addition, it can be seen that boundary conditions also have an effect on vibration characteristics of porous rectangular plates with different types of porosity distribution.
Conclusions
e paper provides a generalized method to investigate the free vibration of porous rectangular plates subjected to different edge conditions. ree types of porosity distributions are investigated on the basis of first-order shear deformation theory. e boundary conditions at the edge of the plate were simulated by the penalty method. To test the convergence, the effect of penalty boundary springs and truncated numbers is examined. e reliability and accuracy of the current method were verified by comparing with published literatures.
Numerical results of porous rectangular plates with classical and elastic boundary conditions are displayed. e results demonstrate that, with the increase of thickness ratios, the frequencies also increase regardless of boundary conditions. Meanwhile, the relation between porosity coefficients and frequencies varies with boundary conditions.
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